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Abstract: We show how the (globally supersymmetric) model of Mirabelli and Peskin can
be formulated in the boundary (“downstairs” or “interval”) picture. The necessary Gibbons-
Hawking-like terms appear naturally when using (codimension one) superfields. This for-
mulation is free of the δ(0) ambiguities of the orbifold (“upstairs”) picture while describing
the same physics since the boundary conditions on the fundamental domain are the same.
The (natural) boundary conditions follow from the variational principle and form a closed
orbit under supersymmetry variation. They reduce to the “odd = 0” boundary conditions
in the absence of bulk-boundary coupling. We emphasize that the action is supersymmetric
without the use of any boundary conditions in the off-shell formulation (but some boundary
conditions are necessary for on-shell supersymmetry!).
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1. Introduction
In the last decade there was a revival of interest in theories on a manifold with boundary.
It started from a ground-breaking paper by Horava and Witten [1], who showed that eleven-
dimensional supergravity on a manifold with boundary appears as one of the low energy
limits of the heterotic string theory. Soon after, Mirabelli and Peskin [2] introduced a sim-
plified construct of a five-dimensional globally supersymmetric Yang-Mills theory coupled to
a four-dimensional hypermultiplet living on the boundary. They argued that the analysis of
this simpler system can provide useful insights into various aspects of the more complicated
Horava-Witten theory.
Another fruitful research direction started with the work of Randall and Sundrum [3, 4].
They showed that if our four-dimensional world is localized on a three-brane in a five-
dimensional space-time with negative cosmological constant, then there is an attractive ge-
ometrical solution to the weak/Planck hierarchy problem. This scenario was later super-
symmetrized [5, 6, 7]. In Ref. [8] it was shown how to unify the original approaches to
the supersymmetric Randall-Sundrum scenario, and the issue of supersymmetric boundary
conditions was addressed.
The original idea for the work presented here and in the companion paper, Ref. [9], was to
understand why the use of boundary conditions was essential in the supersymmetric Randall-
Sundrum scenario, but apparently was not important in the Mirabelli and Peskin model. The
results of this research show that both statements require some adjustments. In this paper
we will show that the use of some boundary conditions is required for supersymmetry of the
Mirabelli and Peskin model, while in Ref. [9] we find that supersymmetry of the Randall-
Sundrum scenario requires the use of fewer boundary conditions than was previously assumed.
Another motivation for this work was to understand the structure of boundary conditions
in the Mirabelli and Peskin model, in particular, their closure under supersymmetry. We
present here a set of Neumann-like boundary conditions (which we call “natural” following
Ref. [10]), which guarantee that the general variation of the action vanishes for arbitrary
variations of the fields on the boundary. (That is the boundary conditions are derived exactly
as the bulk equations of motion.) These natural boundary conditions reduce to “odd = 0” ones
(the vanishing of the odd fields on the boundary) only when there is no coupling of the bulk
fields to the boundary. We emphasize that it is inconsistent to assume the “odd = 0” boundary
conditions when the coupling is present (unless it is only a zeroth-order approximation in the
perturbative calculations).
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As was explained by Horava and Witten [1], any theory on a manifold with boundary can
be equivalently described as a theory on an orbifold, when a mirror image of the fundamental
domain is introduced with the corresponding identifications. This leads to two descriptions of
the same theory: the “downstairs” (boundary) picture and the “upstairs” (orbifold) picture.
In the boundary picture we speak of “boundary,” in the orbifold picture we have a “brane”
(a set of fixed points of the mirror reflection). Both pictures have some advantages, but the
boundary picture is more fundamental.
The Mirabelli and Peskin model [2] was originally set up in the orbifold picture. One of
the results of Ref. [2] was to provide an algorithm for coupling bulk fields to brane-localized
fields in a supersymmetric way. In this paper, we show how the model can be formulated in the
boundary picture. We eliminate the mirror image space and work directly on the fundamental
domain with boundary. The boundary conditions follow, as in the orbifold picture, from the
variational principle provided we include a special Gibbons-Hawking-like boundary term [11]
(we call it “Y -term” to acknowledge the work of York [12, 13]). This boundary term is
also required by supersymmetry. We show how the Y -term follows naturally when using the
codimension one (D = 4, N = 1) superfields, which makes them very useful in constructing
supersymmetric bulk-boundary couplings. Eliminating auxiliary fields, one then obtains on-
shell formulation which is free of δ(0) ambiguities present in the orbifold picture.
The paper is organized as follows. In Section 2, we review the original formulation of
the Mirabelli and Peskin model: off-shell, in components, on the orbifold. In Section 3, we
derive the natural boundary conditions and discuss their closure under supersymmetry. In
Section 4, we turn to the superfield formulation of the model and show how the boundary
conditions are reproduced. In Section 5, we present the formulation of the model in the
boundary picture. We discuss there the derivation and the role of the Y -term. In Section 6,
we discuss the on-shell case (when the auxiliary fields of the model are eliminated). There
we show that in the orbifold picture, as in the off-shell case, we still do not need to use any
boundary conditions to establish supersymmetry, whereas in the boundary picture, the use of
some boundary conditions is required. We also show that the “odd = 0” boundary conditions
are consistent only as free field boundary conditions. Finally, in Section 7, we discuss the
transition between the boundary and the orbifold pictures.
The Appendices contain some technical details, which are separated for clarity of discus-
sion. The basic conventions are the same as in Ref. [8].
2. The component formulation
In this section we write the model of Mirabelli and Peskin, adjusting it to our conventions. We
present the model in its original formulation: on the orbifold, in components, with off-shell
field content. In the later sections we present the model in other settings: on a space-time
domain with boundary, in the superfield formulation, and truncated to on-shell field content.
For simplicity, we consider only the Abelian case, since it is sufficient for our purposes.
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2.1 Bulk Lagrangian
The bulk Lagrangian is the standard globally supersymmetric Lagrangian for an Abelian
gauge multiplet, (AM ,Φ,Λi,Xa), in five dimensions (M,N = {0, 1, 2, 3, 5}, i, j = {1, 2},
a = {1, 2, 3}),
L5 = −1
4
FMNF
MN − 1
2
∂MΦ∂
MΦ− i
2
Λ˜iΓM∂MΛi +
1
2
XaXa . (2.1)
Here FMN is the field strength for a gauge boson AM , Φ is a scalar, Λi is a symplectic-
Majorana spinor, and Xa is a triplet of auxiliary fields. The Lagrangian has four global
symmetries (supersymmetry, translation, Lorentz and SU(2)), and one local invariance (U(1)
gauge invariance). The Lorentz transformation is standard and it is not important for our
discussion. The other transformations are
• (global) supersymmetry (with fermionic parameter Hi = const),
δHA
M = iH˜iΓMΛi
δHΦ = iH˜iΛi
δHXa = H˜i(σa)ijΓM∂MΛj
δHΛi = (Σ
MNFMN + Γ
M∂MΦ)Hi + iXa(σa)ijHj ;
(2.2)
• (global) translation (with parameter vM = const),
δv(AM ,Φ,Xa,Λi) = v
K∂K(AM ,Φ,Xa,Λi); (2.3)
• (global) SU(2) rotation (with constant matrix parameter U ∈ SU(2)),
Λ′i = Ui
jΛj, Xa
′σa = U(Xaσa)U
†; (2.4)
• (local) U(1) gauge transformation (with parameter u(x)),
δuAM = ∂Mu . (2.5)
(In the above, the σa = {σ1, σ2, σ3} are the usual Pauli matrices.) The Lagrangian L5 is
invariant (δL5 = 0) under the U(1), SU(2) and Lorentz transformations, but it changes into
a total derivative under the translation and supersymmetry transformations,
δvL5 = ∂M (vML5), δHL5 = ∂MK˜M , (2.6)
where K˜M is given in Eq. (A.4). The supersymmetry algebra has the following form,
[δΞ, δH] = v
K∂K + δu , (2.7)
where the parameters of the translation and the U(1) transformation are
vK = 2i(H˜iΓKΞi), u = −2i(H˜iΓKΞi)AK − 2i(H˜iΞi)Φ . (2.8)
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2.2 Breaking N = 2 to N = 1 supersymmetry
We will use the two-component spinor notation, in which the symplectic-Majorana spinors
Λi and Hj are represented by pairs of two-component spinors: (λ1, λ2) and (η1, η2) (see
Appendix A.2). After the M = {m, 5} split and in the two-component spinor notation, the
Lagrangian assumes the following form,
L5 = −1
4
FmnF
mn − 1
2
Fm5F
m5 − 1
2
∂mΦ∂
mΦ− 1
2
∂5Φ∂5Φ+
1
2
X12X
∗
12 +
1
2
X23
−
[
i
2
λ1σ
m∂mλ1 +
i
2
λ2σ
m∂mλ2 +
1
2
(λ2∂5λ1 − λ1∂5λ2) + h.c.
]
, (2.9)
where X12 = X1+ iX2. The Lagrangian is invariant (up to total ∂m and ∂5 derivatives) under
the supersymmetry transformations with arbitrary (constant) η1 and η2. The Lagrangian is,
therefore, N = 2 supersymmetric.
In the presence of a brane/boundary, we can keep only half of the bulk supersymmetry
intact. This statement is based on the following standard argument. The commutator of two
supersymmetry transformations generates a translation with parameter
vM = 2i(H˜iΓKΞi) . (2.10)
The brane breaks translational invariance, allowing only v5 = 0. (We assume that the
brane/boundary is located at x5 = const.) For the supersymmetry parameters this implies
v5 = 2(η2ξ1 − η1ξ2) + h.c. = 0 . (2.11)
Therefore, the two supersymmetry parameters have to be related,
η2 = αη1 , (2.12)
where α is an arbitrary complex constant. This eliminates one linear combination of η1 and
η2; the orthogonal linear combination describes the unbroken N = 1 supersymmetry.
Note that such supersymmetry transformations still generate a non-zero U(1) transfor-
mation with
u = −2[i(η1σmξ1 + η2σmξ2) + h.c.]Am . (2.13)
This implies that the brane/boundary action we will introduce must be gauge invariant (for
the total action to be supersymmetric).
We choose to preserve η1 supersymmetry, so that from now on we set
η2 = 0 . (2.14)
Any other choice of α (preserving another linear combination of η1 and η2) can be obtained
by a global SU(2) rotation (see Appendix A.3).
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Under the N = 1 (η = η1) supersymmetry, the five-dimensional gauge supermultiplet
splits into two four-dimensional supermultiplets (see Appendix A.4), the gauge and chiral
multiplets,
(vm, λ,D) = (Am, λ1,X3 − ∂5Φ) (2.15)
(φ2, ψ2, F2) = (Φ + iA5,−i
√
2λ2,−X12) . (2.16)
The bulk Lagrangian can also be written in terms of these fields,
L5 = −1
4
vmnv
mn − 1
2
(∂5vm)(∂5v
m)− 1
2
∂mφ2∂
mφ∗2 +
1
2
F2F
∗
2 +
1
2
D2
− i
2
(∂mφ2 − ∂mφ∗2)∂5vm +
1
2
D∂5(φ2 + φ
∗
2)
−
(
i
2
λσm∂mλ+
i
4
ψ2σ
m∂mψ2 +
i
2
√
2
(ψ2∂5λ− λ∂5ψ2) + h.c.
)
. (2.17)
2.3 Brane Lagrangian
In the orbifold picture, the bulk action is invariant under supersymmetry because the total
derivative terms integrate to zero. Therefore, to have a supersymmetric bulk-plus-brane
system we simply need to add a supersymmetric brane action, containing couplings between
the induced bulk fields and intrinsic brane fields.
We consider a four-dimensional chiral supermultiplet (φ,ψ, F ) living on the brane and
couple it to the bulk vector supermultiplet (vm, λ,D). The brane Lagrangian is therefore the
standard four-dimensional Lagrangian [24], coupling the two multiplets in a gauge invariant
way,1
L4 = −DmφDmφ∗ − iψσmDmψ + FF ∗ + i√
2
(φ∗λψ − φλψ) + 1
2
φφ∗D , (2.18)
where Dm = ∂m + i2vm .
The brane Lagrangian is invariant (up to a total ∂m derivative) under the standard
supersymmetry transformations, see Eqs. (A.20) and (A.24). It is also invariant under the
U(1) gauge transformation (see Appendix A.4),
δuvm = ∂mu, δu(φ,ψ, F ) = − i
2
u(φ,ψ, F ) . (2.19)
1 The coupling constant Q can be made explicit by multiplying every vm, λ and D in L4 by Q. The right-
hand sides of the boundary conditions, Eqs. (3.5) and (3.7), are then also multiplied by Q, so that turning the
coupling off (setting Q = 0) gives the “odd = 0” boundary conditions. In the non-abelian case [2], the strength
of the coupling is dependent on the coupling constant g of self-interaction of the gauge fields; the decoupling
happens when the brane chiral multiplets are in the trivial representation R of the gauge group: tAab = 0.
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3. Boundary conditions
We will consider first the orbifold picture, where the bulk action is L5 integrated over R1,4
and the brane action is L4 integrated over the hypersurface x5 = 0. In this picture, both total
∂m and ∂5 derivatives can be neglected. The bulk and brane actions, therefore, are separately
supersymmetric, which is true without reference to any jump/boundary conditions. However,
the presence of the brane-localized sources (due to the brane action) requires certain jump
conditions across the brane to be satisfied. And when we impose the Z2 symmetry, these
jump conditions turn into boundary conditions on each side of the brane. In this section we
derive these boundary conditions and discuss their closure under the N = 1 supersymmetry
transformations.2
3.1 Primary boundary conditions
In the orbifold picture, the bulk and brane Lagrangians can be combined into a total bulk-
plus-brane Lagrangian,
L = L5 + δ(z)L4 , (3.1)
where the delta-function δ(z) is localized at z ≡ x5 = 0. The equations of motion for this
Lagrangian are straightforward to derive and are summarized in Eq. (A.30). The δ(z)-terms
in the equations enforce the following jump conditions,
[Fm5] = − i
2
(φDmφ∗ − φ∗Dmφ)− 1
2
ψσmψ
[Φ] = −1
2
φφ∗
[λ2] = − i√
2
φ∗ψ ,
(3.2)
where the square brackets denote the jump across the brane,
[Φ(x)] ≡ Φ(x, z = +0)− Φ(x, z = −0) . (3.3)
Let us now introduce a Z2 parity, f(−z) = P [f ]f(+z), according to
P [Am, λ1,X3] = +1, P [A5, λ2,X12,Φ] = −1 . (3.4)
(As usual, we call P [f ] = +1 fields “even,” and P [f ] = −1 fields “odd”.) These parity assign-
ments are consistent with the equations of motion and the supersymmetry transformations.
They allow us to rewrite the jump conditions as boundary conditions for fields at z = +0,
B1(Am) : 2Fm5
+0
= − i
2
(φDmφ∗ − φ∗Dmφ)− 1
2
ψσmψ
B1(Φ) : 2Φ
+0
= −1
2
φφ∗
B1(λ1) : 2λ2
+0
= − i√
2
φ∗ψ .
(3.5)
2The closure under supersymmetry of boundary conditions in various supersymmetric theories was discussed
before. Some of the early references are Refs. [14, 15]. For a more recent discussion see Refs. [16, 17].
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The bulk-plus-brane equations of motion split into bulk equations of motion (for the bulk
fields), brane equations of motion (for the brane fields, both intrinsic and induced from the
bulk) and boundary conditions (relating near-brane values of the bulk fields to the brane
fields). For a general variation of the bulk-plus-brane action to vanish, all the equations of
motion and the boundary conditions must be satisfied. On the other hand, the variation of
the bulk-plus-brane action under the supersymmetry transformations vanishes without the
use of either equations of motion or boundary conditions.
3.2 Secondary boundary conditions
If supersymmetry is a true symmetry of the bulk-plus-brane system, the boundary conditions
should also be invariant under the supersymmetry transformations. The primary boundary
conditions B1(Am), B1(Φ) and B1(λ1) do not form a supersymmetric system of equations.
However, after a finite number of the supersymmetry variations, we arrive at a supersymmetric
system including both the primary and secondary boundary conditions.
The structure of the supersymmetry variation for this system of boundary conditions is
as follows,
δηB1(Φ) = B1(λ1)
δηB1(λ1) = B1(Am) ⊕ B2(λ1) ⊕ B1(Φ)
δηB2(λ1) = B2(Am) ⊕ B1(λ1)
δηB1(Am) = B2(Am) ⊕ B1(λ1)
δηB2(Am) = B3(Am) ⊕ B1(Am)
δηB3(Am) = B2(Am) .
(3.6)
The secondary boundary conditions are
B2(Am) : 2∂5λ1
+0
=
1√
2
σmψDmφ+ i√
2
ψF ∗ +
1
2
φφ∗λ1
B2(λ1) : 2X12
+0
= Fφ∗
B3(Am) : 2∂5D
+0
= Lr4 ,
(3.7)
where Lr4 is real and differs from L4 by a total ∂m derivative,
Lr4 = −DmφDmφ∗ + FF ∗ +
1
2
φφ∗D
− i
2
(ψσmDmψ −Dmψσmψ) + i√
2
(φ∗λψ − φλψ) . (3.8)
Note that the boundary conditions are gauge invariant.
The fact the the boundary conditions are closed under supersymmetry implies that they
can be cast in a superfield form. This is indeed so, as will be shown in the next section.
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4. Superfield description
N = 1 supersymmetry can be conveniently described in terms of superfields [24]. For the
Mirabelli and Peskin model, the superfield description of the unbroken N = 1 supersymmetry
was discussed in Ref. [18]. In this section, we use this description to cast our boundary
conditions in a superfield form. We also find that the superfield description leads to a bulk
Lagrangian L5′ different from L5 by a total derivative term, which produces the necessary
boundary Lagrangian in the boundary picture.
4.1 Bulk and brane Lagrangians
The N = 2 five-dimensional supersymmetric theory can be described in terms of N = 1
four-dimensional superfields. The vector supermultiplet (vm, λ,D) and chiral supermultiplets
(φ,ψ, F ) and (φ2, ψ2, F2) are described by a real vector superfield V (in the WZ gauge)
and chiral superfields Φ and Φ2, respectively. The component expansions are given in Ap-
pendix B.1. The gauge transformation, Eqs. (A.23) and (A.26), generalizes to a supergauge
transformation, parametrized by a chiral superfield Λ,
δV = Λ+Λ†, δΦ = −ΛΦ, δΦ2 = 2∂5Λ . (4.1)
Let us consider a supergauge invariant Lagrangian that can be built from the superfields
V and Φ2,
L5′ = 1
4
∫
d2θWW + h.c. +
∫
d2θd2θ Z2 , (4.2)
where W is the field strength for V (see Ref. [24]), and
Z = ∂5V− 1
2
(Φ2 +Φ2
†) (4.3)
is defined following Ref. [19]. Both W and Z are invariant under the supergauge transforma-
tion, Eq. (4.1). Expanding in components and comparing with Eq. (2.17), we find
L5′ = L5 + ∂5
(
−1
2
(φ2 + φ
∗
2)D −
i
2
√
2
(λψ2 − λψ2)
)
+
1
16
∂m∂
m(φ2 + φ
∗
2)
2 . (4.4)
Or, in terms of the original bulk fields,
L5′ = L5 + ∂5
(
−ΦD − 1
2
(λ1λ2 + h.c.)
)
+
1
4
∂m∂
m(Φ2) . (4.5)
In the orbifold picture both total derivatives can be neglected. But, as we will see in the next
section, in the boundary picture the total ∂5 derivative gives rise to an important boundary
term.
The brane action can also be written in the superfield form. The following Lagrangian,
L4′ =
∫
d2θd2θ Φ†eVΦ , (4.6)
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differs from L4, Eq. (2.18), by a total ∂m derivative,
L4′ = Lr4 +
1
4
∂m∂
m(φφ∗)
= L4 + 1
4
∂m∂
m(φφ∗)− i
2
∂m(ψσ
mψ) . (4.7)
Therefore they both lead to the same brane action.
It is clear that using the D = 4, N = 1 superfields keeps the N = 1 (η = η1) supersym-
metry manifest. A less obvious observation is that under the N = 1 supersymmetry, the bulk
Lagrangian L5′ varies into a total ∂m (not ∂M ) derivative term, that is
δηL5′ does not contain a ∂5 term.
(This is so because for the D = 4, N = 1 superfields x5 is just a parameter. The highest
component of a superfield varies into a total derivative, which is ∂m for our superfields.) This
ensures that L5′ automatically gives rise to a supersymmetric action both in the orbifold and
boundary pictures!
4.2 Boundary conditions in the superfield form
In the orbifold picture, the (superfield) bulk-plus-brane Lagrangian is
L′ = L5′ + L4′δ(z) = 1
4
∫
d2θWW + h.c.
+
∫
d2θd2θ
{
Z2 +Φ†eVΦδ(z)
}
, (4.8)
where Z = ∂5V− 12(Φ2+Φ2†). One can derive the equations of motion directly from varying
the superfields [24]. The variation of chiral superfields requires some care. But in our case all
boundary conditions come from varying the vector superfield V. Keeping only terms with ∂5
and δ(z), we obtain,
δL′ =
∫
d2θd2θ
{
δV
[
− 2∂5Z+Φ†eVΦδ(z)
]
+ ∂5
[
2ZδV
]}
+ . . . (4.9)
The total ∂5 derivative is irrelevant in the orbifold picture. (But, as we will see, it is essential
in the derivation of boundary conditions in the boundary picture.) From the equation of
motion,
2∂5Z = Φ
†eVΦδ(z) + . . . , (4.10)
and assuming the parity assignments (3.4) (so that V is even, while Φ2 and Z are odd), we
obtain the following boundary condition,
2Z ≡ 2∂5V − (Φ2 +Φ2†) +0= 1
2
Φ†eVΦ . (4.11)
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Using the component expansions (see Appendix B.2), we can split this superfield boundary
condition into the following relations for the component fields,
1 : −(φ2 + φ∗2) +0=
1
2
φφ∗
θ : −√2ψ2 +0= 1√
2
φ∗ψ
θ2 : −F2 +0= 1
2
φ∗F
θσmθ : −2∂5vm − i(∂mφ2 − ∂mφ∗2) +0= −
i
2
(φDmφ∗ − φ∗Dmφ)− 1
2
ψσmψ
θ2θ : −2i∂5λ− i√
2
σm∂mψ2
+0
= −1
2
λφφ∗ +
1√
2
ψF ∗
+
i
2
√
2
σm(φDmψ − ψDmφ)
θ2θ2 : ∂5D − 1
4
∂m∂
m(φ2 + φ
∗
2)
+0
=
1
2
Lr4 +
1
8
∂m∂
m(φφ∗) .
(4.12)
It is easy to check that these boundary conditions are equivalent to Eqs. (3.5) and (3.7). See
also Appendix B.3.
Note that in the superfield approach all boundary conditions appear as primary boundary
conditions and their supermultiplet structure is manifest.
The superfield derivation also explains how boundary conditions with and without ∂5 can
appear in the same supermultiplet. When V is not in the WZ gauge, ∂5 appears in every
boundary condition, but fixing the gauge allows one to eliminate terms with ∂5 acting on the
pure gauge degrees of freedom.
5. Boundary picture
In this section we will discuss supersymmetry and boundary conditions as they appear in the
boundary picture, where our space-time domain isM = R1,3× [0,+∞). The space-time now
has a boundary ∂M at z = 0. We no longer have to deal with singularities, but now the total
∂5 derivatives cannot be neglected. With our setting, we have∫
M
∂MK
M =
∫
M
∂5K
5 =
∫
∂M
(−K5) . (5.1)
The measures of integration, d5x on M and d4x on ∂M, are implicit.
5.1 The action
In the boundary picture, the bulk-plus-boundary action which leads to the same superfield
boundary condition (4.11) is
S =
∫
M
L5′ + 1
2
∫
∂M
L4′ . (5.2)
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(We can replace here L4′ by L4 since they differ only by a total ∂m derivative, Eq. (4.7),
which integrates to zero on ∂M.) Indeed, a general variation of the vector superfield V gives
the following boundary term,
δS =
∫
∂M
∫
d2θd2θδV
(
−2Z+ 1
2
Φ†eVΦ
)
. (5.3)
Requiring this term to vanish for arbitrary δV, enforces the boundary condition (4.11),
2Z
+0
=
1
2
Φ†eVΦ . (5.4)
5.2 Important boundary term
The two bulk Lagrangians, L5 and L5′, defined in Eqs. (2.1) and (4.2), respectively, lead to
two different actions,
S5 =
∫
M
L5 and S5′ =
∫
M
L5′ , (5.5)
because of the ∂5 term in Eq. (4.5). The actions differ by a boundary term. Namely,
S5
′ = S5 +
∫
∂M
(
ΦD +
1
2
(λ1λ2 + h.c.)
)
. (5.6)
We know that S5
′ is supersymmetric, because L5′ was constructed out of (D = 4, N = 1)
superfields (see the last remark in Section 4.1). On the other hand, the action S5, based on
the original bulk Lagrangian (2.1), is not supersymmetric in the boundary picture. The extra
boundary term is required to make the bulk action supersymmetric.
5.3 Supersymmetry of the action
It is instructive to check supersymmetry of the action S5
′ explicitly. We have
δηS5
′ =
∫
∂M
(
−K˜5 + δη(ΦD) + 1
2
(δη(λ1λ2) + h.c.)
)
, (5.7)
where K˜M is given in Eq. (A.4). The boundary term can be rewritten as
F 5nδηAn +ΦδηD +X3δηΦ+ (λ2δ
′′
ηλ1 + λ1δ
′
ηλ2 + h.c.) , (5.8)
where δ′′ηλ1 = iX3η and δ
′
ηλ2 = −(iFm5 + ∂mΦ)σmη. It is easy to check that this boundary
term is a total ∂m derivative. This explicitly shows that the action S5
′ is supersymmetric,
δηS5
′ = 0 . (5.9)
We conclude that the total bulk-plus-boundary action (5.2),
S =
∫
M
L5 +
∫
∂M
Y +
1
2
∫
∂M
L4 , (5.10)
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where
Y = ΦD +
1
2
(λ1λ2 + h.c.) , (5.11)
is N = 1 supersymmetric. This statement does not rely on using any boundary conditions.
The “improved” bulk action S5
′ (the sum of terms with L5 and Y ), and the boundary action
(with L4) are separately supersymmetric.
5.4 Variational principle
As we will now show, the boundary Y -term plays the role of the Gibbons-Hawking term for
our bulk action. (We chose letter Y to honor York [12, 13], whose name could as well be
included in the phrase “Gibbons-Hawking term”.)
Using Eq. (A.1), we find that the general variation of the original bulk action S5 has the
following boundary term,
δS5 =
∫
∂M
(−K5) =
∫
∂M
(
δAnF
5n + δΦ∂5Φ+
1
2
(λ2δλ1 − λ1δλ2 + h.c.)
)
. (5.12)
This expression, however, gets modified when we make the following field redefinition,
X3 −→ D = X3 − ∂5Φ . (5.13)
Considering D (rather than X3) as an independent bulk field, we find
δS5 =
∫
∂M
(
δAnF
5n − δΦD + 1
2
(λ2δλ1 − λ1δλ2 + h.c.)
)
. (5.14)
The analogous general variation for the “improved” action (5.6) is
δS5
′ =
∫
∂M
(
δAnF
5n +ΦδD + (λ2δλ1 + h.c.)
)
. (5.15)
This expression contains variations of only those (combinations of the) bulk fields which
we include in the boundary action. (Just as the gravitational action with the Gibbons-
Hawking boundary term [11] contains only variations of the metric field on the boundary, but
not variations of its normal derivative.) Adding the contribution from the variation of the
boundary action
∫
∂M
L4 and requiring the total expression to vanish for arbitrary variations
δAm, δD and δλ1, we obtain the primary boundary conditions (3.5).
3
The boundary Y -term, therefore, plays two roles at the same time:
1) It makes the “improved” bulk action S5
′ supersymmetric.
2) It makes the variational principle well-defined (the equations of motion and the bound-
ary conditions follow from the vanishing of the general variation of the action for arbi-
trary field variations).
3For comparison, see the derivation and discussion of boundary conditions in the boundary (“interval”)
picture in Refs. [20, 21].
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6. On-shell case
This section is of particular importance for the discussion of (on-shell) five-dimensional su-
pergravity on a manifold with boundary given in the companion paper, Ref. [9].
In this section we will show that after eliminating the auxiliary fields only the total
bulk-plus-brane action is supersymmetric (and not the bulk and the brane actions separately,
as is the case in the off-shell formulation). In addition, in the on-shell boundary picture,
supersymmetry of the total action does rely on using (some of) the boundary conditions!
6.1 On-shell in the orbifold picture
The total bulk-plus-brane Lagrangian is
L = L5 + δ(z)L4 , (6.1)
where L5 and L4 are given in Eqs. (2.1) and (2.18), respectively. The bulk fields X1, X2,
X3 and the brane field F are auxiliary. Their equations of motion (see Eq. (A.30)) are pure
algebraic (contain no derivatives) and can be used to set these fields to their on-shell values
(denoted by the “breve” accent or the superscript “on”),
X˘1 = 0, X˘2 = 0, F˘ = 0 (6.2)
X˘3 = −1
2
φφ∗δ(z). (6.3)
We would like to see if the on-shell expressions for L5 and L4 are supersymmetric. Instead
of performing an explicit check, we use a short-cut.
Let us separate out terms containing the auxiliary fields,
L5 = L̂5 + 1
2
(X21 +X
2
2 +X
2
3 ) (6.4)
L4 = L̂4 + FF ∗ + 1
2
φφ∗X3 . (6.5)
The supersymmetry variation of the hatted quantities (containing no auxiliary fields) com-
mutes with setting the auxiliary fields to their on-shell values. Noting also that only X˘3 is
non-zero, we obtain,
δη(Lon5 )− (δηL5)on = X˘3
[
δηX˘3 − (δηX3)on
]
(6.6)
δη(Lon4 )− (δηL4)on =
1
2
φφ∗
[
δηX˘3 − (δηX3)on
]
. (6.7)
We know that
δηL5 = 0, δηL4 = 0 , (6.8)
omitting total ∂m and ∂5 derivatives, which are both irrelevant in the orbifold picture. The
expression in the square brackets is proportional to the λ1 equation of motion (see Eq. (A.30)),
δηX˘3 − (δηX3)on = η1
{
i∂5λ2 + σ
m∂mλ1 − 1√
2
φ∗ψδ(z)
}
+ h.c. (6.9)
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Since we are not allowed to use the equations of motion in checking supersymmetry, we
conclude that the on-shell Lagrangians are not (separately) supersymmetric,
δη(Lon5 ) 6= 0, δη(Lon4 ) 6= 0 . (6.10)
On the other hand, for the total bulk-plus-brane Lagrangian we have
δη(Lon)− (δηL)on =
(
X˘3 +
1
2
φφ∗δ(z)
) [
δηX˘3 − (δηX3)on
]
, (6.11)
which does vanish due to Eq. (6.3). Therefore, the total Lagrangian is supersymmetric,
δη(Lon) = 0 , (6.12)
and this does not rely on using any boundary conditions.
6.2 On-shell in the boundary picture
The total bulk-plus-boundary action is
S =
∫
M
L5′ + 1
2
∫
∂M
L4′ . (6.13)
Omitting total ∂m derivatives, but keeping total ∂5 derivatives (essential in the boundary
picture), we have,
L5′ = L5 + ∂5
(
−ΦD − 1
2
(λ1λ2 + h.c.)
)
, L4′ = L4 . (6.14)
There is only a slight modification to the expressions obtained in the previous subsection,
δη(L5′on)− (δηL5′)on = X˘3
[
δηX˘3 − (δηX3)on
]
− ∂5
(
Φ
[
δηX˘3 − (δηX3)on
])
(6.15)
δη(L4′on)− (δηL4′)on = 1
2
φφ∗
[
δηX˘3 − (δηX3)on
]
. (6.16)
But in the boundary picture, instead of a single auxiliary field equation (6.3), the variational
principle for arbitrary δX3 in the bulk and on the boundary produces a bulk equation of
motion and a boundary condition,
X˘3 = 0 ⊕ Φ +0= −1
4
φφ∗. (6.17)
This is so because the terms involving X3 in the bulk-plus-boundary action are
S =
∫
M
1
2
X23 +
∫
∂M
(X3 − ∂5Φ)(Φ + 1
4
φφ∗) + . . . (6.18)
We also know that
δηL5′ = 0, δηL4′ = 0 (6.19)
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(now omitting only total ∂m derivatives). Therefore, we find
δη(L5′on) = ∂5 [Φ(δηX3)on] (6.20)
δη(L4′on) = −1
2
φφ∗(δηX3)
on. (6.21)
Combining these expressions, we obtain
δη(S
on) =
∫
∂M
{
−
(
Φ+
1
4
φφ∗
)
(δηX3)
on
}
. (6.22)
Therefore, the total bulk-plus-boundary action, restricted to on-shell field content, is super-
symmetric only if we use the boundary condition B1(Φ), Eq. (3.5),
2Φ
+0
= −1
2
φφ∗ =⇒ δη(Son) = 0 . (6.23)
But this is exactly the boundary condition which comes as a part of the auxiliary field equation
for X3, Eq. (6.17). Thus, using this (“auxiliary”) boundary condition is just a part of the
going on-shell procedure!
Note that in the boundary picture the boundary condition B1(Φ) also comes as a factor
with the general variation δD (and thus could also be called B1(D)), and that on-shell D =
−∂5Φ. Variations of Φ and ∂5Φ on the boundary are independent. Our Gibbons-Hawking-like
Y -term makes only the variation of ∂5Φ appear on the boundary.
6.3 On-shell closure of the supersymmetry algebra
It is well-known that on-shell the supersymmetry algebra closes only up to equations of
motion. This is true in our case as well, as one can explicitly check. But one should remember
that in the orbifold picture the equations of motion contain δ(z) singularities. And this brings
about one important issue.
Among all on-shell fields, only λ1 has a singular term in its on-shell supersymmetry
transformation. Indeed, off-shell we have
δηλ1 = (σ
mnFmn − i∂5Φ+ iX3)η1 , (6.24)
which on-shell (in the orbifold picture) becomes
δηλ1 = σ
mnη1Fmn − i
[
∂5Φ+
1
2
φφ∗δ(z)
]
η1 . (6.25)
The commutator of two supersymmetry transformations on λ1 gives
[δξ , δη ]λ1 = −2iUmξη∂mλ1 +
1
2
Umξη(σmE[λ1])− (ξσmnη)(σmnE[λ1]) , (6.26)
where Umξη = ξσ
mη − ησmξ , and
E[λ1] ≡ −iσm∂mλ1 + ∂5λ2 + i√
2
φ∗ψδ(z) = 0 (6.27)
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is the equation of motion which comes with δλ1, see Eq. (A.30). Note that without the
singular term in δηλ1, the commutator closes up to the non-singular equation of motion.
We can make the following observations regarding the singular term
δ′λ1 = − i
2
φφ∗η1δ(z) : (6.28)
1) It comes from eliminating the auxiliary field X3.
2) It makes the on-shell supersymmetry algebra close up to the full (singular) equations
of motion.
3) It makes δηλ1 non-singular when the boundary condition B1(Φ) (which fixes the jump
of Φ across the brane) is taken into account.
The last observation provides a “rule of thumb” procedure for the appropriate modification
of the supersymmetry transformations in the orbifold picture:
1. Identify all terms with ∂5 acting on the odd fields.
2. Find the corresponding natural boundary conditions.
3. Add singular terms that make the modified supersymmetry transformation non-singular
when the boundary conditions are taken into account.
This approach was already used in Ref. [8].
6.4 The full square structure
The on-shell Lagrangian in the orbifold picture contains a δ(z)2 term which comes from
eliminating the X3 auxiliary field. It turns out that this term combines with other terms into
a full square. (This structure appears all the time in the orbifold constructions. It was first
noticed by Horava [22]. We arrive to it also in Ref. [9].) Indeed,
L = L5 + L4δ(z)
= −1
2
(∂5Φ)
2 +
1
2
X23 +
1
2
φφ∗(X3 − ∂5Φ)δ(z) + . . .
= −1
2
[
∂5Φ+
1
2
φφ∗δ(z)
]2
+ . . . (6.29)
The complete on-shell Lagrangian in the orbifold picture can be written as follows,
L = −1
4
FmnF
mn − 1
2
∂mΦ∂
mΦ−
[ i
2
λ1σ
m∂mλ1 +
i
2
λ2σ
m∂mλ2 + h.c.
]
−1
2
Fm5F
m5 − 1
2
[
∂5Φ+
1
2
φφ∗δ(z)
]2
+
{
λ1
[
∂5λ2 +
i√
2
φ∗φδ(z)
]
+ h.c.
}
−
[
DmφDmφ∗ + iψσmDmψ
]
δ(z) . (6.30)
We see that the combination ∂5Φ +
1
2φφ
∗δ(z) appears both in the on-shell supersymmetry
transformations and in the on-shell Lagrangian. The special property of this combination
is that it is non-singular when the boundary condition for Φ is used. (Its analog in the
five-dimensional supergravity [9] is Fm5 + 2Jmδ(z).)
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6.5 On-shell closure of the boundary conditions
Our natural boundary condition, Eq. (4.11), is
2∂5V− (Φ2 +Φ2†) +0= 1
2
Φ†eVΦ . (6.31)
In components, there are six boundary conditions: Eqs. (3.5) and (3.7). Off-shell they trans-
form into each other under the (η = η1) supersymmetry transformations and thus form a
closed orbit (see also Appendix B.3). Once we go on-shell, however, the boundary conditions
are no longer closed under supersymmetry. Indeed, setting F = 0 in B2(Am) breaks the or-
bit, since δF = 0 requires using the brane fermionic equation of motion (see Eqs. (A.24) and
(A.30)). Therefore, we need to use equations of motion to close the orbit of boundary condi-
tions under supersymmetry on-shell (same as for the on-shell closure of the supersymmetry
algebra!).
6.6 The role of “odd = 0” boundary conditions
When the bulk-brane coupling constant Q is written explicitly (see footnote 1), it multiplies
the right-hand side of Eq. (6.31). Setting it to zero, gives the “odd = 0” boundary conditions,
2∂5V − (Φ2 +Φ2†) +0= 0 , (6.32)
which in components give
Fm5
+0
= 0, Φ
+0
= 0, λ2
+0
= 0 ∂5λ1
+0
= 0, X12
+0
= 0, ∂5D
+0
= 0 . (6.33)
(It is interesting to note that they are closed under supersymmetry both off- and on-shell.)
These boundary conditions were used in the original paper by Mirabelli and Peskin [2] as free
field boundary conditions, for example, to derive the k5 momentum quantization (see Eq. (26)
in Ref. [2]). The coupling constant Q (or its non-abelian analog gtAab) is then reintroduced
along the standard logic of the perturbation theory.
If one assumes, instead, that the “odd = 0” boundary conditions are the exact boundary
conditions for the action with Q 6= 0, one would run into an inconsistency. These boundary
conditions do not satisfy Eq. (4.11) and thus do not lead to the vanishing of the general
variation of the action. It vanishes then only when the variations of the fields on the boundary
are restricted to vanish themselves (δV
+0
= 0, “keepingV fixed on the boundary” a` la Dirichlet
boundary condition). But this implies fixing λ1 and ∂5λ1 on the boundary at the same time,
which gives an overdetermined boundary value problem! Also, since Eq. (6.23) does not hold,
the on-shell bulk-plus-boundary action is not supersymmetric with these boundary conditions.
Therefore, the “odd = 0” boundary conditions can only be treated as the free field
boundary conditions, that is as a starting point in the perturbative calculations.
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7. From boundary to orbifold picture
In order to better understand the role of the Y -term, Eq. (5.11), let us discuss the transition
from the boundary to the orbifold picture.4
In the boundary picture we have the following total action,
S(+) =
∫
M+
L5 +
∫
∂M+
Y (+) +
1
2
∫
∂M+
L4 , (7.1)
where M+ = R1,3 × [0,+∞). The orbifold is, essentially, a union of two domains with
boundary. The reflection of M+ is M− = R1,3 × (−∞, 0]. Its total bulk-plus-boundary
action is
S(−) =
∫
M−
L5 −
∫
∂M−
Y (−) +
1
2
∫
∂M−
L4 , (7.2)
The choice of signs is easy to understand. First, we have∫
M+
∂5K
5 =
∫
∂M+
(−K5),
∫
M−
∂5K
5 =
∫
∂M−
(+K5) , (7.3)
which says that the signs of Y (−) and Y (+) relative to L5 should be opposite. Second, in the
orbifold picture the Y -term is odd (since λ2 and Φ are odd). Therefore, to get the correct
boundary conditions, the signs of Y (−) and Y (+) relative to L4 should be opposite.
The boundaries of M+ and M− coincide, so we denote
Σ = ∂M+ = ∂M− . (7.4)
Since the Y -term is odd, Y (−) = −Y (+), the sum of the two bulk-plus-boundary actions is
S =
∫
M+∪M−
L5 +
∫
Σ
2Y (+) +
∫
Σ
L4 . (7.5)
We now want to show that this equals to our bulk-plus-brane action,
S =
∫
M5
L5 +
∫
Σ
L4 =
∫
M5
{
L5 + L4δ(z)
}
, (7.6)
whereM5 = R1,4 = R1,3×(−∞,+∞). This is equivalent to showing that the Y -term matches
onto brane-localized terms produced by the bulk Lagrangian L5.
To do this, it helps to represent odd fields (in our case, Φ and λ2) as follows,
Φ(x, z) = ε(z)Φ(+)(x, |z|) , (7.7)
where ε(z) = sgn(z) = ±1 on M±. For the ∂5 derivative of an odd field, we then have
∂5Φ = ε∂5
[
Φ(+)
]
+Φ(+)ε′(z) = (∂5Φ)
(+) + 2Φ(+)δ(z) . (7.8)
4For an earlier discussion of the relationship between the orbifold and boundary pictures see, e.g., Ref. [23].
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(The superscript (+) means “evaluated on theM+ side”.) This allows us to separate out the
Σ-localized terms in L5.
The relevant terms in the bulk Lagrangian are
L5 = 1
2
X23 −
1
2
(∂5Φ)
2 +
1
2
(λ1∂5λ2 + h.c.) + . . . (7.9)
Using Eq. (7.8), we find
L5 = 1
2
X23 − 2[Φ(+)δ(z)]2 − 2(Φ∂5Φ)(+)δ(z) + (λ1λ(+)2 + h.c.)δ(z) + . . . (7.10)
This is to be compared with
2Y (+)δ(z) = 2[ΦX3]
(+)δ(z) − 2(Φ∂5Φ)(+)δ(z) + (λ1λ(+)2 + h.c.)δ(z) . (7.11)
We see that terms without X3 and δ(z)
2 do match! The remaining terms appear to match
only on-shell. Indeed, on-shell we have
X3 = −1
2
φφ∗δ(z), X
(+)
3 = 0, 2Φ
(+) = −1
2
φφ∗ (7.12)
(including the “auxiliary boundary condition,” Eq. (6.17)), which implies
1
2
X23 − 2[Φ(+)δ(z)]2 = 0, [ΦX3](+) = 0 . (7.13)
We conclude, therefore, that the Y -term matches onto regular singularities (just δ(z)) of the
bulk Lagrangian, whereas higher order singularities (in our case δ(z)2) are taken care of by
the auxiliary fields after going on-shell. In other words, only the on-shell part of the Y -term
can be derived from the comparison with the brane-localized terms produced by the bulk
Lagrangian.
8. Summary and Conclusions
In this paper we discussed the Mirabelli and Peskin model [2] in various settings: in the
orbifold and boundary pictures,5 in components and in the superfield formulation, off-shell
and on-shell.
We showed that the boundary picture requires introduction of the Y -term (Gibbons-
Hawking-like term), which is necessary for supersymmetry and allows us to derive natural
(Neumann-like) boundary conditions via the standard application of the variational principle.
We found that the Y -term arises naturally in the (D = 4, N = 1) superfield formulation of
the (D = 5, N = 2) model.
5The physics described by both pictures is guaranteed to be the same since the boundary conditions on
the fundamental domain are identical. One advantage of the boundary picture is a complete removal of all
ambiguities related to products of distributions.
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We demonstrated that, in the orbifold picture, (N = 1) supersymmetry does not require
the use of any boundary conditions both off- and on-shell. In the boundary picture, however,
supersymmetry of the total action requires the use of one boundary condition: the “auxiliary
boundary condition,” Eq. (6.17) (the one which comes as a part of the auxiliary equations of
motion). This boundary condition is also one of the natural boundary conditions.
We showed that the natural boundary conditions form a closed orbit under (N = 1)
supersymmetry and can be put in a superfield form. We can identify the “boundary condition
superfield” (see Appendix B.3). The natural boundary conditions reduce to the “odd=0”
boundary conditions only in the absence of coupling to the brane-localized matter.
We also saw what modifications to the supersymmetry transformations are necessary in
the orbifold picture, and confirmed that the δ(z)2 terms fit into the full square structure in
the Lagrangian. We found that the Y -term matches onto regular singularities of the bulk
Lagrangian, but that higher order singularities (like δ(z)2) are taken care of only on-shell.
The detailed analysis of this simple model serves as a basis for the analysis in Ref. [9],
where we discuss five-dimensional (on-shell) supergravity on a manifold with boundary.
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A. Details of the component formulation
Here we collect various technical details, which were only briefly mentioned in the body of
the paper. The basic conventions are as in Ref. [8].
A.1 Variation of the bulk Lagrangian
Under a general variation of the fields, the bulk Lagrangian varies as follows,
δL5 = δAN (∂MFMN ) + δΦ(∂M∂MΦ) +XaδXa
−iδΛ˜iΓM∂MΛi + ∂MKM , (A.1)
where
KM = −FMNδAN − δΦ∂MΦ− i
2
Λ˜iΓMδΛi . (A.2)
The variation of the Lagrangian under the supersymmetry transformations, Eq. (2.2), prefers
a different separation of the total derivative term,
δHL5 = δHAN (∂MFMN ) + δHΦ(∂M∂MΦ) +XaδHXa
−iΛ˜iΓM∂Mδ′HΛi − iδ′′HΛ˜iΓM∂MΛi + ∂MK˜M , (A.3)
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where
K˜M = −FMNδHAN − δHΦ∂MΦ− i
2
δ′HΛ˜
iΓMΛi − i
2
Λ˜iΓMδ′′HΛi (A.4)
and we used the following split in the supersymmetry transformation of the gaugino,
δHΛi = δ
′
HΛi + δ
′′
HΛi (A.5)
δ′HΛi = (Σ
MNFMN + Γ
M∂MΦ)Hi, δ′′Hλi = Xa(σa)ijHj . (A.6)
It is easy to check that terms outside the total derivative cancel, thus giving
δHL5 = ∂M K˜M . (A.7)
A.2 Two-component spinor notation
Making the M = {m, 5} split in the supersymmetry transformations and rewriting them in
terms of the two-component Weyl spinors, we find
δHA
m = i(η1σ
mλ1 + η2σ
mλ2) + h.c.
δHA
5 = −η1λ2 + η2λ1 + h.c.
δHΦ = i(−η1λ2 + η2λ1) + h.c.
δHλ1 = (σ
mnFmn − i∂5Φ+ iX3)η1 + (iFm5 + ∂mΦ)σmη2 − iX∗12η2
δHλ2 = −(iFm5 + ∂mΦ)σmη1 − iX12η1 + (σmnFmn − i∂5Φ− iX3)η2
δHX12 = 2η1(i∂5λ1 − σm∂mλ2) + 2η2(i∂5λ2 + σm∂mλ1)
δHX3 = −η1(i∂5λ2 + σm∂mλ1)− η2(i∂5λ1 − σm∂mλ2) + h.c. ,
(A.8)
where we defined X12 = X1 + iX2. We used the following relation between the symplectic-
Majorana spinor Λi and the pair (λ1, λ2),
Λ1 = −Λ2 =
(
λ1
λ2
)
, Λ2 = Λ
1 =
(−λ2
λ1
)
. (A.9)
The same relation holds between Hi and (η1, η2). The Majorana conjugation, denoted by a
tilde, gives
Λ˜1 = (−λ1, λ2) . (A.10)
A.3 SU(2) rotation
The bulk Lagrangian is invariant (and the bulk supersymmetry transformations are covariant)
under a global SU(2) rotation,
Λ′i = Ui
jΛj , Xa
′σa = U(Xaσa)U
† , (A.11)
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where U ∈ SU(2) is a constant matrix, and σa are the Pauli matrices such that
Xaσa =
(
X3 X
∗
12
X12 −X3
)
. (A.12)
A particularly useful SU(2) rotation is
λ′1 =
λ1 − α∗λ2√
1 + αα∗
, λ′2 =
αλ1 + λ2√
1 + αα∗
(A.13)
(same for (η1, η2)), accompanied by
X12
′ =
X12 − α2X∗12 − 2αX3
1 + αα∗
(A.14)
X3
′ =
αX∗12 + α
∗X12 + (1− αα∗)X3
1 + αα∗
. (A.15)
The inverse transformation is obtained by changing the sign of α. In particular,
η2 =
−αη′1 + η′2√
1 + αα∗
, (A.16)
so that
η2 = 0 ⇒ η′2 = αη′1 . (A.17)
A.4 N = 1 supersymmetry and the gauge transformation
Under η = η1 supersymmetry, the five-dimensional gauge supermultiplet splits into two four-
dimensional supermultiplets. These are a gauge multiplet (in the WZ gauge)
vm = Am, λ = λ1, D = X3 − ∂5Φ , (A.18)
and a chiral multiplet
φ2 = Φ+ iA5, ψ2 = −i
√
2λ2, F2 = −X12 . (A.19)
The definitions lead to the standard transformation laws for the gauge multiplet,
δηvm = iησmλ+ h.c.
δηλ = σ
mnηvmn + iηD
δηD = −ησm∂mλ+ h.c. ,
(A.20)
as well as to the following supersymmetry transformations for the chiral multiplet,
δηφ2 =
√
2ηψ2
δηψ2 = i
√
2σmη∂mφ2 +
√
2ηF2 +
√
2σmη∂5vm
δηF2 = i
√
2ησm∂mψ2 − 2iη∂5λ .
(A.21)
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The latter differ from the standard transformations by extra terms involving ∂5. One can
check that the supersymmetry algebra closes up to a gauge transformation,
[δξ, δη ] = −2iUmξη∂m + δu , (A.22)
where Umξη = ξσ
mη − ησmξ and the gauge transformation is non-zero only on vm and φ2,
δuvm = ∂mu, δuφ2 = i∂5u , (A.23)
with u = 2iUmξηvm. This is just the U(1) gauge transformation δAM = ∂Mu.
The chiral multiplet (φ,ψ, F ), living on the brane, has the standard supersymmetry
transformations (note the dependence on vm and λ from the vector multiplet),
δηφ =
√
2ηψ
δηψ = i
√
2σmηDmφ+
√
2ηF
δηF = i
√
2ησmDmψ + iφηλ ,
(A.24)
where
Dm = ∂m + i
2
vm (A.25)
when acting on (φ,ψ, F ). This is the gauge covariant derivative, corresponding to the following
U(1) transformation of the chiral multiplet,
δu(φ,ψ, F ) = − i
2
u(φ,ψ, F ) . (A.26)
The algebra (A.22) holds for this multiplet as well.
A.5 Orbifold equations of motion
In the orbifold picture the total Lagrangian is L = L5 + δ(z)L4. For a general variation of
the fields, we find
δL5 = δAn(∂mFmn + ∂5F 5n) + δA5(∂mFm5) + δΦ(∂m∂mΦ+ ∂5∂5Φ) +XaδXa
−[δλ1(iσm∂mλ1 − ∂5λ2) + δλ2(iσm∂mλ2 + ∂5λ1) + h.c.] (A.27)
δL4 = δφ
(DmDmφ∗ + 1
2
φ∗D − i√
2
λψ
)
+ δψ
( − iσmDmψ + i√
2
φ∗λ
)
+ F ∗δF
+δvm
(− i
2
φDmφ∗ − 1
4
ψσmψ
)
+ δλ
( i√
2
φ∗ψ
)
+ δD
(1
4
φφ∗
)
+ h.c. (A.28)
(Total ∂m and ∂5 derivatives have been omitted here.) Using the definitions in Eq. (A.18)
and rewriting
δDφφ∗δ(z) = δX3φφ
∗δ(z) + δΦ∂5(φφ
∗δ(z)) , (A.29)
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we find the following equations of motion,
E(Am) : ∂nF
nm − ∂5Fm5 −
(
i
2
(φDmφ∗ − φ∗Dmφ) + 1
2
ψσmψ
)
δ(z) = 0
E(A5) : ∂mF
m5 = 0
E(Φ) : ∂m∂
mΦ+ ∂5(∂5Φ+
1
2
φφ∗δ(z)) = 0
E(λ1) : −iσm∂mλ+ ∂5λ2 + i√
2
φ∗ψδ(z) = 0
E(λ2) : −iσm∂mλ2 − ∂5λ = 0
E(X12) : X
∗
12 = 0
E(X3) : X3 +
1
2
φφ∗δ(z) = 0
E(φ) : DmDmφ∗ + 1
2
φ∗D − i√
2
λψ = 0
E(ψ) : −iσmDmψ + i√
2
φ∗λ = 0
E(F ) : F ∗ = 0 .
(A.30)
B. Superfields
We follow the conventions of Ref. [24]. See also Ref. [25].
B.1 Supersymmetry and gauge transformations
The vector and chiral superfields have the following component expansions,
V = −iθσmθvm + iθ2θλ− iθ2θλ+ 1
2
θ2θ2D (B.1)
Φ = φ+ iθσmθ∂mφ+
1
4
θ2θ2∂m∂
mφ+
√
2θψ +
i√
2
θ2θσm∂mψ + θ
2F . (B.2)
The chiral superfields can be more conveniently written in terms of the “y coordinates”
(ym = xm + θσmθ),
Φ(y) = φ(y) +
√
2θψ(y) + θ2F (y) . (B.3)
The field strength W of the vector superfield V is a chiral spinor superfield (its lowest
component is a spinor), which in the y-coordinates has the following form,
W(y) = −iλ+ θD − iσmnθvmn + θ2(σm∂mλ) , (B.4)
where vmn = ∂mvn − ∂nvm.
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The supersymmetry transformations in Eqs. (A.20), (A.21) and (A.24) can be written in
the following superfield form,
δηV = (ηQ+ ηQ)V +Φη +Φη
†
δηΦ = (ηQ+ ηQ)Φ−ΦηΦ
δηΦ2 = (ηQ+ ηQ)Φ2 + 2∂5Φη ,
(B.5)
where Φη is a chiral superfield given by
Φη(y) =
√
2θ(
1√
2
σmηvm) + θ
2(−iηλ) . (B.6)
It describes a compensating supergauge transformation necessary to keep V in the WZ gauge.
From this we deduce that the supergauge transformation for all the superfields is given by
δV = Λ+Λ†, δΦ = −ΛΦ, δΦ2 = 2∂5Λ . (B.7)
The residual gauge transformation, preserving the WZ gauge, corresponds to
−2iΛ = u(y) = u+ iθσmθ∂mu+ 1
2
θ2θ2∂m∂
mu . (B.8)
In components this gauge transformation reproduces Eqs. (A.23) and (A.26).
B.2 Component expansions
The component expansions for the bulk action are:∫
d2θWW+ h.c. = −vmnvmn − 2i(λσm∂mλ+ λσm∂mλ) + 2D2 (B.9)∫
d2θd2θ Z2 = −1
2
∂mφ2∂
mφ∗2 +
1
2
F2F
∗
2 −
i
4
(ψ2σ
m∂mψ2 + ψ2σ
m∂mψ2)
−1
2
(∂5vm)(∂5v
m)− i
2
(∂mφ2 − ∂mφ∗2)∂5vm −
1
2
(φ2 + φ
∗
2)∂5D
+
i√
2
(ψ2∂5λ− ψ2∂5λ) +
1
16
∂m∂m(φ2 + φ
∗
2)
2 . (B.10)
The component expansions for the brane action and the boundary conditions are:
∂5V = −iθ2θ∂5λ+ h.c. − iθσmθ∂5vm + 1
2
θ2θ2∂5D (B.11)
Φ2 +Φ2
† =
√
2θψ2 + θ
2F2 +
i√
2
θ2θσm∂mψ2 + h.c.
+(φ2 + φ
∗
2) + iθσ
mθ(∂mφ2 − ∂mφ∗2) +
1
4
θ2θ2∂m∂
m(φ2 + φ
∗
2) (B.12)
Φ†eVΦ =
√
2θ(φ∗ψ) + θ2(φ∗F )
+θ2θ
(
−iλφφ∗ + i√
2
σm(Dmψφ− ψDmφ) +
√
2ψF ∗
)
+ h.c.
+(φφ∗) + θσmθ
(−i(φDmφ∗ − φ∗Dmφ)− ψσmψ)
+θ2θ2
(
Lr4 +
1
4
∂m∂
m(φφ∗)
)
, (B.13)
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where Lr4 is given in Eq. (3.8).
B.3 Boundary condition superfield
The boundary condition superfield is
B = 2 ∂5V− (Φ2 +Φ2†)− 1
2
Φ†eVΦ . (B.14)
Since B is a vector superfield, we can write [24]
B = iθχB +
i
2
θ2MB − iθ2θλB + h.c.
+CB − iθσmθvBm +
1
2
θ2θ
2
DB , (B.15)
and identify each component as
CB = −1
2
φφ∗ − 2Φ
χB =
i√
2
φ∗φ+ 2λ2
MB = i(Fφ∗ − 2X12)
vBm = −
i
2
(φDmφ
∗ − φ∗Dmφ)− 1
2
φσmψ − 2Fm5
λB = − i√
2
σmψDmφ+
1√
2
ψF ∗ − i
2
φφ∗λ1 + 2i∂5λ1
DB = −Lr4 + 2∂5D . (B.16)
The relation to the boundary conditions, Eqs. (3.5) and (3.7), is as follows,
CB : B1(Φ) χ
B : B1(λ1) M
B : B2(λ1)
vBm : B1(Am) λ
B : B2(Am) D
B : B3(Am) .
(B.17)
Using Eq. (B.5), we can easily show that
δηB = (ηQ+ ηQ)B , (B.18)
which in components gives (the superscript B is omitted for clarity)
δηC = iηχ+ h.c.
δηχ = σ
mη(∂mC + ivm) + ηM
δηM = 2η(λ+ σ
m∂mχ)
δηD = −ησm∂mλ+ h.c.
δηλ = 2σ
mnη∂mvn + iηD
δηvm = iησmλ+ η∂mχ+ h.c. (B.19)
This shows explicitly the structure of supersymmetry variations in the orbit of boundary
conditions (cf. Eq. (3.6)).
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